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$f$ , $\backslash \prime^{\backslash \theta}.=$ (




, $f$ : $Iarrow I$ $I=[0,1]$ .
$f$ turning point $c_{1}<c_{2}<\cdots<c_{n}$ ,
$n$ $I$ $I_{0},$ $I_{1},$ $\ldots,$
$I_{n}$ . $x\in I$ ,
itinerary $i(x)=i_{0}i_{1}\cdots$ .
$i_{k}=m\Leftrightarrow f^{k}(x)\in I_{m}$
, 1 . , $f^{k}(x)$ $I_{m}$
, ,
. tuming point itinerary $k(f)=(i(c_{1}),i(c_{2}),$ $\ldots,i(c_{\mathfrak{n}}))$
, kneading invariant .
kneading invariant , $f$ “
” .
: $f_{1},$ $f_{2}$ turning point
,
$k(fi)=k(f_{2})\Leftrightarrow f1$ $f_{2}$ turning point
. , $f$ turning point , $k_{1}>$
$k_{2}\geq 0$ $f^{k_{1}}(c_{m})=f^{k_{2}}(c_{m})$ .
, 1 ,
, turning point , itinerary
. ,
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proper . , [1]








$f$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ , critical point $C=$
$C_{f}$ . postcritical set $P=P_{f}$ critical point
$\overline{\{f^{k}(c)|k>0,c\in C\}}$ . , AP $=AP_{f}$
. $AP\subset P$ .
$f$ subhyperbolic , critical point $c$
(1) preperiodic (i.e. $n>0,m\geq 0$ $f^{n+m}(c)=f^{m}(c)$ )
(2)
, $f$ subhyperbolic , $f$ expanding
. $J=J_{f}$ $U$ $||\cdot||$
, $\lambda>1$ $z\in U$ $v\in T_{z}U$ , $z,$ $f(z)\not\in P$
1 , u ” ,
. $fi,$ $f_{2}$ : $S^{2}arrow S^{2}$ , $h,$ $h0$ : $S^{2}arrow S^{2}$
, $h,$ $h0$ $P_{f_{1}}$ $P_{f_{2}}$ , $P_{j_{1}}$ isotopic , $hofi=f_{2}$ oho
.
98
$||Tf(v)||\geq\lambda||v||$ . , $h(z)|dz|$ , $h(z)$ $U-P$
, $p\in P$ $h(z)=a|z-p|^{-(m-1)/m}$
.
3 geometric coding tree
Przytycki geometric coding tree
. [3] .
subhyperbolic $f$ $d>1$ . $d$
$(\sigma, \Sigma)$ .
$Q_{d}$ $:=u^{d}[0,1];/(0_{i}\sim 0_{j})i=1$




$r$ : $Q_{d}arrow S’$ radial , $f\circ r(1_{i})=r(O)$
. , $\overline{x}$ $:=r(O)$ basepoint $V^{a},$ $x$ : $:=r(1_{i})$
. radial $r$ proper , $f^{-1}(\overline{x})=\{x_{i}|i=1,2, \ldots, d\}$
. $\overline{x}$ basepoint radial
Rad $(f,\overline{x})$
. , :
$L(f,\overline{x})=$ {$l:[0,1]arrow S’|l$ , $l(0)=\overline{x}$ }
$\Lambda(f,\overline{x})=\{l\in L(f,\overline{x})|f\circ l(1)=\overline{x}\}$
, Rad$(f,\overline{x})$ $\Lambda(f,\overline{x})^{d}$ . , $r=(l_{i})\iota$
. , $l_{:}=r|_{[0,1]_{i}}$ .
$l\in L(f,\overline{x})$ $x\in f^{-k}(\overline{x})$ ,
$F_{k,x}(l)$ : $[0,1]arrow S’$
$l$ $f^{k}$ $x$ . , $f^{k}\circ F_{k.x}(l)=l,$ $F_{k,x}(l)(0)=$
$x$ . $k$ $(l)$ .
$d$ $W$ :
$W= \bigcup_{k=0}^{\infty}W_{k},$ $W_{k}=\{1,2, \ldots,d\}^{k}=\{w_{1}w_{2}\ldots w_{k}|w_{j}\in\{1,2, \ldots,d\}\}$
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, radial $r=(l_{i})_{i}$ . $w\in W$
$x_{w}$ . 1, 2, . . . , $d\in W_{1}$
$l_{i},$ $x_{i}=l_{i}(1)$ . $l_{w},$ $x_{w}$ , $i\in W_{1}$
$l_{iw}=l_{i}\cdot F_{x_{w}}(l_{w}),x_{iw}=l_{iw}(1)$ .
$f$ expanding , $\omega=\omega_{1}\omega_{2}\cdots\in\Sigma$ ,
$x_{\omega}= \lim_{karrow\infty}x_{w_{1}w_{2}\cdots\omega_{k}}$
, . , $l_{i},$ $i\in W_{1}$ smooth
, $l_{w}$ ,
$l_{w}= \lim_{karrow\infty}l_{\omega_{1}w_{2}\cdots w_{k}}$ : $[0,1]arrow S$
, $l_{w}(1)=x_{w}$ . $w\mapsto\rangle$ $X_{\omega}$ , $f(x_{\omega})=x_{\sigma w}$
. $\pi_{r}$ : $\Sigmaarrow J$ , (geometric coding tree
) coding map . coding map
Cod$(f):=$ { $\pi_{r}|r$ radial}
.
radial coding map .
, radial $r,$ $r’$ : $Q_{d}arrow S’$ $\{0,1_{1},1_{2}, \ldots, 1_{d}\}$
homotopic $\pi_{r}=\pi_{r’}$
. $L(f,\overline{x})$
$l\sim l’\Leftrightarrow ll^{\prime-1}$ $S’$
,
$r=(l_{i})\sim r’=(l_{i}’)\Leftrightarrow$ $i$ $l_{:}\sim l’|$
, $r\sim r’$ .
4
$f$ subhyperbolic .
$\rho$ : $Sarrow N$ ramification $\rho(x)=1,$ $x\not\in P$ ,
$\rho(f(x))$ $\deg aef\cdot\rho(x)$ . ramification
ramification , $\rho_{f}$ . $(S, \rho)$ orbifold
.
orbifold $(S,\rho)$ $\phi$ : $\tilde{S}arrow S$ , $\tilde{S}$
, $\phi$ holomorphic $\tilde{x}\in S$
$\deg_{\tilde{x}}\phi$ $\rho(\phi(\tilde{x}))$ .
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$\phi:\tilde{S}arrow S$ , $\tilde{S}$ $P$ $\phi\circ p=\phi$
. $G^{\rho}$ . $(S, \rho)$
, $G/N^{\rho}$ . $G$ $S’$
$\pi_{1}(S’,\overline{x})$ , $N^{\rho}$ $[B_{j}]^{\rho(b_{j})},$ $b_{j}\in P-AP$
. , $B_{j}|$ , $b_{j}\in P-AP$ $P-AP$
, $[]$ .
5
$f$ subhyperbolic , $\rho$ ramification . basepoint
$\overline{X}$ , $l\in\Lambda(f,\overline{x})$ . $l$ $x$ $\overline{x}$ . $f$
$f_{*}$ : $\pi_{1}(S’-f^{-1}(P),x)arrow G$, $l^{-1}$ $\iota$
$l_{*}^{-1}\iota_{*}$ : $\pi_{1}(S’-f^{-1}(P),x)arrow G$ .
$G=\pi_{1}(S’,\overline{x})$ $N$ $l$ ,
$N\subset f_{*}(l_{\#}^{-1}\iota_{*})^{-1}(N)$
. : $\gamma$ $[\gamma]\in N$
, $F_{x}(\gamma)$ $[lF_{x}(\gamma)l^{-1}]\in N$ . , $N$ radial $r=(l_{i})$
, $l_{i}$ .
.
$\bullet$ $N,$ $N’$ $l$ } , $N,$ $N’$ $l$
.
$\bullet$ $N$ $l$ | $N’$ $l’$ , $N\cap N’$ $l$ $l’$
.
$\bullet$ $N^{\rho}$ $l$ .
$l$ $N_{l}$ . radial $r=(l_{t})$







$:=$ $\bigcap_{k=1}^{\infty}$ ker $\eta_{k}$
$=$ { $[\gamma]|$ $k\geq 1$ $x\in f^{-k}(\overline{x})$ $(\gamma)$ }
, $\hat{N}$ , $l$ ,
radial $r$ proPer $\hat{N}=N_{r}$ .
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6 $f^{-1}$ $\perp$
$\hat{\phi}$ : $(\hat{S}’,\hat{x})arrow(S’,\overline{x})$ $\hat{\phi}_{*}\pi_{1}(\hat{S}’,\hat{x})=\hat{N}$ .
, $\hat{\phi}$ : $(\hat{S},\hat{x})arrow(S,\overline{x})$ .
$\hat{G}$ $:=G/\hat{N}$










$g(\hat{x})=l^{\wedge}(1)$ . $g$ , $g:\hat{S}arrow\hat{S}$ , $(S$
expanding $||\cdot||$ ) .
, radial $r=(l_{i})$ , $g_{i}$ : $\hat{S}arrow\hat{S}(i=$
$1,2,$ $\ldots,$ $d$) , $f\hat{\phi}g_{i}=\hat{\phi},g_{i}(\hat{x})=l_{1}^{\wedge}(1)$ . , iterated
function system $(g_{i})_{i}$ $\hat{K}_{r}\subset\hat{S}$ (i.e. $\hat{K}_{r}$
$\hat{K}_{r}=U_{i=1}^{d}g_{i}(\hat{K}_{r})$ ). $\phi(\hat{K}_{r})=\pi_{r}(\Sigma)$
, $\hat{\pi}_{r}$ : $\Sigmaarrow\hat{K}_{r}$ $\hat{\pi}_{r}(i_{l}i_{2}\cdots)=\lim_{karrow\infty}g_{i_{1}}g_{i_{2}}\ldots g_{i_{k}}(\hat{x})$
$\hat{\phi}\hat{\pi}_{r}=\pi_{r}$ .
, $\hat{N}$ , $r$ $N$
, $\phi_{N}$ : $(S^{N}, x^{N})arrow(S,\overline{x})$ $f$
.
7 Coding
NC $G$ , $\Lambda(f,\overline{x})$ $\sim N$
$l\sim Nl’\Leftrightarrow[ll^{\prime-1}]\in N$
, $[l]_{N}$ . $\Lambda_{N}(f,\overline{x})$
. , $\Lambda_{N}(f,\overline{x})$ $\phi_{N}^{-1}f^{-1}(\overline{x})$ .
radial Rad$(f,\overline{x})$ Rad$N(f,\overline{x})$
. $\Lambda_{N}(f,\overline{x})^{d}$ .
radial $r\in Rad(f,\overline{x})$ $r’\in Rad(f,\overline{x}’)$ freely homotopic
, $r,$ $r’$ : $Q_{d}arrow S’$ radial homotopic
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. , $\overline{x}’$ $\overline{x}$ path $\gamma$ $\gamma\cdot[r]=[r’]$
. , $\gamma$ $\gamma\cdot l=\gamma lF_{x}(\gamma^{-1})$ .
, radial $r\in Rad(f,\overline{x})$ $r’\in Rad(f,\overline{x}’)$ freely homo-
topic modulo $N$ , $\overline{x}’$ $\overline{x}$ path $\gamma$ $\gamma\cdot[r]_{N}=[r’]_{N’}$
. , $N’=l_{\#}^{-1}N$ .
$\pi_{r}=\pi_{r’}\Leftrightarrow r,$ $r’$ freely homotopic modulo $N_{r}$
Cod$(f)$ { $[r]_{N_{r}}$ : $r\in$ &d(f, $\overline{x})$ } $/\hat{G}$ . , $\hat{G}$
, $\gamma$ .
: $\hat{G}$ $\Lambda_{\hat{N}}(f,\overline{x})$ ( $\Lambda_{\hat{N}}(f,\overline{x})^{d}$) $\Lambda_{\dot{N}}(f,\overline{x})=\hat{\phi}^{-1}f^{-1}(\overline{x})$
,
$h\cdot w=hgh^{-1}(\hat{x}),$ $w\in\hat{\phi}^{-1}f^{-1}(\overline{x})$
. , $h\in\hat{G}$ $\hat{\phi}$ , $g:\hat{S}arrow\hat{S}$
$f\hat{\phi}g=\hat{\phi},g(\hat{x})=w$ .
8 Coding
coding map $\pi_{r}$ , $mu1(\pi_{r})=\hat{\mu}(\hat{K}_{r})$ . , $\hat{\mu}$
$f$ Lyubich $\mu$ $\hat{\phi}$ . $\pi_{r}$
. $\mu$ $x\in J$ $\#\pi_{r}^{-1}(x)=mu1(\pi_{r})$
, $x\in J-P$ $\#\pi_{r}^{-1}(x)\geq mu1(\pi_{r})$ . $mu1(\pi_{r})=1$
$r$ proper , .
$f$
$\iota$
$\mathcal{A}(f)=$ {$R:Sarrow S|$ , $R\circ f=f\circ R$}
. , $\pi\mapsto R\circ\pi$ $A(f)$ Cod$(f)$ ,
$mul(R\circ\pi)=\deg(R)\cdot mul(\pi)$ .
: $R\in A(f)$ $\deg(R)\geq 2$ , $J_{f}=J_{R}$ ,
“ ” $A_{1}(f)$ $:=A(f)\cap\{R|\deg(R)\geq 1\}=$ {id, $f^{k}$ : $k=$
$1,2,$ $\ldots$ } . , $\#\{f^{k}(c) : k=1,2, \ldots\}=\infty$ $c\in C_{f}$
, $A_{1}(f)=$ {id, $f^{k}$ : $k=1,2,$ $\ldots$ }.
coding map $\pi$ prime , $\pi=R\circ\pi’$ $\pi’\in Cod(f),$ $R\in$
$A(f),$ $\deg(R)\neq 1$ . prime coding map $Cod’(f)$
.




$\bullet$ $M=\{\deg(R)\cdot n|R\in \mathcal{A}(f),n\in M’\}\supset\{d^{k}\cdot n|n\in M’,$ $k=$
$0,1,2,$ $\ldots$ }
Cod$(f)$ , M $M’$




. $C=\{-1,1\},$ $P=\{1,0, \infty\},$ $J=\hat{\mathbb{C}}=S$ . critical point
, $-1\mapsto 1\mapsto 0\mapsto\infty\mapsto\infty\mapsto\cdots$ .
ramification $\rho$ $\rho(0)=4,$ $\rho(\infty)=4,$ $\rho(1)=2$ .
$\phi$ : $\mathbb{C}arrow\hat{\mathbb{C}}$ $2\Gamma=\{2n+2mi|n, m\in \mathbb{Z}\}$ , $\phi(iz)=\phi(z)$ ,
$\phi(0)=\infty,$ $\phi(1)=1,$ $\phi(1+i)=0$ 4 .
$\phi$ $(S,\rho)$ .
basepoint $\overline{x}=-1\in S$ , $\tilde{x}=(1+i)/2$ .
$\phi^{-1}f^{-1}(\overline{x})$ $=$ $\{z+1/2, z+i/2|z\in\Gamma\}$
$=$ $\{s+n+mi|s\in\{\pm 1/2, \pm i/2\}, n+mi\in(1+i)\Gamma\}$
. $w\in\phi^{-1}f^{-1}(\overline{x})$ $f\phi g=\phi,$ $g(\tilde{x})=w$




$\phi$ $G^{\rho}$ $2\Gamma$ $Iso^{+}(2\Gamma)$ \sim
, $\{z\mapsto az+2b|a\in\{\pm 1, \pm i\}, b\in\Gamma\}$ . , $\hat{N}=N^{\rho}$ ,
$\hat{G}=G^{\rho}$ . radial $r$ $N_{r}=N^{\rho}$ , $\pi_{r}$
$\infty$ , , $N_{r}/N^{\rho}$ $Iso^{+}(2\Gamma)$
$\langle z\mapsto iz+2b\rangle$ $(\exists b\in\Gamma)$ .
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Cod $(f)\approx\{\infty\}u\{[r]_{N^{\rho}}\in Rad_{N^{\rho}}(f,\overline{x})|\pi_{r}(\Sigma)\neq\infty\}/\hat{G}$
, . $Rad_{N^{\rho}}(f,\overline{x})$ $\phi^{-1}f^{-1}(\overline{x})\cross$
$\phi^{-1}f^{-1}(\overline{x})$ , $\phi^{-1}f^{-1}(\overline{x})$ $\alpha/2+(1+i)\beta,$ $\alpha\in A=$
$\{\pm 1, \pm i\},$ $\beta\in\Gamma$ $Rad_{N^{\rho}}(f,\overline{x})=(Ax\Gamma)^{2}$ . \S 7
$\hat{G}=Iso^{+}(2\Gamma)$ $\Lambda_{\hat{N}}(f,\overline{x})=\phi^{-1}f^{-1}(\overline{x})=Ax\Gamma$ ,
$(z\mapsto az+2b)\cdot(\alpha,\beta)=(\alpha,a\beta+b(1-i+i\alpha))$
. , $\alpha/2+(1+i)\beta\in\phi^{-1}f^{-1}(\overline{x})$ $g$
$g(z)=(1-i)\alpha z/2+(1+i)\beta$
, $h(z)=az+2b,$ $a\in\{\pm 1, \pm i\},$ $b\in\Gamma$
$hgh^{-1}(\tilde{x})=\alpha/2+(1+i)(a\beta+b(1-i+i\alpha))$




Cod$(f)\approx\{[(1,0), (1,0)]\}\cup\{[(\alpha_{1},0), (\alpha_{2},\beta)]|\alpha_{i}\in A,\beta\in r_{+}\}$
$\{[(\alpha_{1},1), (\alpha_{2}, \beta)]|\alpha_{1}\in\{-1, -i\}, \alpha_{2}\in A, \beta\in\Gamma\}$
. , $r_{+}=\{n+mi\in\Gamma|n>0,m\geq 0\}$ .
[2] ,





$f$ 1 $\mathbb{C}$ $z\mapsto bz$
. , $b\in\Gamma^{x}=\Gamma-\{0\}$ . ,
$b\cdot[(\alpha_{1},\beta_{1}), (\alpha_{2},\beta_{2})]=[(\alpha_{1},b\beta_{1}), (\alpha_{2},b\beta_{2})]$
. $f$ , $f$ .
3 , $\infty$ , $\mathbb{C}$ $z\mapsto 0$




P2 $[(\alpha_{1},\beta_{1}), (\alpha_{2},\beta_{2})]=[(-i, 1), (-i, 1)]$
. ,
$Cod’(f)$ $\approx$ $\{[(\alpha_{1},0), (\alpha_{2},1)]|\alpha_{1}\in\{1,i\},\alpha_{2}\in A\}$
$\cup\{[(\alpha_{1},1), (\alpha_{2},0)]|\alpha_{1}\in\{-1, -i\},\alpha_{2}\in\{1,i\}\}$
$\cup\{[(-1,1), (-i, 1+i)], [(-i, 1+i), (-1,1)]\}$
$\cup\{[(-1,1), (-1, (1-2i)^{n}\alpha+1)]|\alpha\in A,n=0,1,2, \ldots\}$
$\cup\{[(-i, 1), (-i, (2-i)^{n}\alpha+1)]|\alpha\in A,n=0,1,2, \ldots\}$
. , $b=\beta_{2}-(1+i)\beta_{1},$ $M=(-2+i)\beta_{1}+$
$(1-2i)\beta_{2}$
$(z\mapsto z+2b)\cdot((-1,\beta_{1}),$ $(-i,\beta_{2}))=((-1, M),$ $(-i, (1+i)M))$
. prime coding map
$M’=\{1,2,4\cdot 5^{n}|n=0,1,2, \ldots\}$
.
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